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! o Oygail jo Wbl sal oold X; §=0, 1, ... ;N aloldl goluco blis jo f 2l o5 y»
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P(x)
= i+ sAf; + S(Sz_' D azs, 4

s(s—1)(s—2) (s—k+1)
+ k!

s(s—1)(s —
3!
A*f

2) A3fl. 4 ..

x=x;tsh, i=0, 1, ...,n-1
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D _df(x) _dP(x) dP(x) ds
f(x) = dx ~ dx  ds ‘dx
ds B 1

x=x;+sh - dx=hds - =

S(Sz_| 1) A2f, + s(s — 13)'(5 —2) p3f, 4 - s(s—1)(s - Zk)' (s—k+1) A,

.

P(x) = f; +sAf; +

/ 1 1 2 332—6S+2 3
frx) =2 |Afi+|s—5 | A%f; + - A3f; + -

o @f) _d*P(x) _ 1d*P(x) 1
f (x) - de — de - hz dsz - hz

|A%f; + (s = DA + - |
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g x=xi+sh, i=0, 1, ...,n-1 :pa,lo X Jeuz bl yo f wlitin gl oS wily 5=0 o5 y»

frony o 1 1) 352—6s+2A3
f(x)=E[Afi+ S_E fi+ e fi+
f,(xi)z l—h[Afl__Azfl A3fl ]

1 _fiv1— 1
=2 af, =

1 3
~ 1[A 1A2 ]_Zfi+1_§fi+2—§fi
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ta gl X; (Jou b jo f o908 4 po liie (gl oST uisl $=0 o5 y2

1
f'(x) = %3 |A%2f; + (s — DA3f; +

11
FrGe) = FY =y |02~ 03f, 4 0,

~

fivz = 2fiv1 + fi

17 1 2
flEhAfl_ hz
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: ot e s &1  ~ _1 &
il X Jaue Sl bl jo f wliiine gl p oK1 il = o5 2

/ 1 1 2 3s% — 65 + 2 3
f(x)EEAfi-l_ S—E Afl+ 6 Afl_|_

1

Xz

: h N 1 1
A B e T
<_b

2
_Jira— i
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NCH] sl s=1 olf).b

1
f'(x) = %3 |A%2f; + (s — DA3f; +

=il
f”(xl + h) l+1 — hz [Azfl A4fl

~

1
I Azfl —

a

fivz —2fiv1 + fi

l+1 - hz hz
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S5l cawds 35 Jou @b 6121=0,1,2,3 slnly fi yladke

x, | o1 0.15 0.2 0.3
f | 110517 1.16183  1.22140  1.28403 134986
X; fi Af i A*f
0.1 |1.10517
0.05666
0.15 | 1.16183 0.00291
0.05957
0.2 |1.22140 0.00306
0.06263
0.25 |1.28403
0.00320
0.06583
0.3 |1.34986
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x | o1

0.2

0.3 h=0.05

‘ 1.10517 1.16183

| fis 1Afi
h

0 1.1332

1 1.1914

2 1.2526

3 1.3166

1.22140

1.28403

1.34986

fi= 5 |af- 5071

1.104
1.1608
1.2206

Il plp (9395 b (3] Gido 45 bl (oo F(X) =" Qb 4y bgypo Jlio (0l o f; ppolio ez gy
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Xip =X Hh  awss (059
2 h3

h
fxip1) = f(x; + h) = f(x;) + Af (x;) + Ef”(xi) + if”’(xl.) + .-

. o

f(xiz1) — F(xp) _fi+1—fi
h ~___h

fix) =

S oo ool abaly (! 5l f'(Xo) domslxo (6l 4o
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Q;. Xi_1=Xi - h °lf)'°

2

h h3
f(xi21) =f(x; —h) = f(x;) — hf'(x;) + Ef”(xi) — if”’(xl.) 4 ..

. o

f(x) — f(xi-1) _Ji—fia
h ___ h

fix) =

S o0 oolawl abaly w5 f'(Xn) domslxo (gl 4o
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e AP

h? h3
f(xi—1) = f(x; — h) = f(x;) — hf'(x;) + Ef”(xi) — af”’(xi) 4o

h* h3
f(xit1) = f(x; + h) = f(x;) + hf'(x;) + Ef”(xi) + if”’(;.cl.) 4 e

210 S a1y (Sl WMo 9 o5 ;00 1 alosr 4 aloa |, Y0 adaily 95 015y

. o

f(xiv1) — fF(xizq) - fir1 —fi1
2h ___2h

flx) =
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h? h3
f(xi—1) = f(x; — h) = f(x;) — hf'(x;) + Ef”(xi) — af”’(xl.) 4o

2 h3

h
f(xit1) = f(x; + h) = f(x;) + hf'(x;) + Ef”(xi) + if”’(xi) 4 e

1o S Bds 1y (SLol Oos g pos J50 050 b alos 4y alos 1) YL alaly g0 o5 4

. o

fxio) = 2f(x) + f(xip1)  fioa = 2fi+ fina
h? B h?

‘ i lS o ek 4

fivz2—2fiv1+2fic1 — fi2
2h3

f'(x;) =

flll(xi) E
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m Saygl Cowss 5 Jodo &G @lply f2o f2 ¢ fo ylade
Xi ‘ 0 1 2 3 -
| 0 0.375 0.971 1.511
/ / fl o fO 0.375-0
fo=f(xp) == —= 1 =0.375
g f3—f. 1.511-0.971
f2=01(x) = = = 0.540
h 1
L fi—2f,+fz 0.375—1.942 +1.511
2 = f(x) = 12 = 1 = —0.056
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Xiy1 = X; + h ,‘,.,.,S P solaiw! ol lauw )

§

h? h3
f(x;11) =f(x; +h) = f(x;) + hf' (x;) +if”(x,-) +§f”’(xi) + ..
2 h3
fi+1:fi+hf£+i £'+§ AR
fi+1_fi_ / h1 I hz I
o Jito it o

fixran—fi _, h' , h*
: h l_fi=gfi+§fi T

g2 o oSl gy ghiS Sadiladog) gadas 350



&

e

fi

1 2
fi+1_fl_f h* o By
h l_ l 3|
1 —f 1 2
3 em A gl & f”lh fi slas % ”+% (LRI E ¥
fi+1_fl ~ v
h ‘_2'

I 9 (S0 9 el h L cawlion s n.ugf ® LMol (! SO h Q‘g&' O

fir1

—fi

h

fi=0(h

g2 o oSl gy ghiS Sadiladog) gadas 350




2
PEE T h h
I} h 17 (2> 1 3 cawl Oy le f, Xi+ = 1 Z9W)
f fl+ fl + —— 4+ ... D) = t 2 d

oS o8 ol alal, 511, YL akaly ST L

fl+1_fl hl " hz 1
= [ o fl A+
S
f/ X'+E _fi+1_fi_h2 I_/I_h_z ///+”.__h_2 I
b2 h  8'" 6! - 2477
RS

g2 o oSl gy ghiS Sadiladog) gadas 350



. . h
D9 (g0 o3laiwl <xi + —) 5 fl(x) e oles e

2

*
° ’005
°

fl+1 fl

il (o0
- h

. h
b oo f' (xi + f) Sl e oy Oyle oy

] oS Uas (bl piiion s wyle o h olgi as 210

fix1
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Differentiation —Discrete Functions

http://numericalmethods.eng.usf.edu
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Forward Difference Approximation

e 7

For a finite 'AX'

oy F(x+Ax)— f(x)
f'(x)= -
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Graphical Representation Of Forward Difference Approximation

f(x)

/

X X+AX

Figure 1 Graphical Representation of forward difference approximation of first derivative.

23
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D

Ze EXample 1 The upward velocity of a rocket is given as a function of time in Table 1.

Table 1 Velocity as a function of time

t v(t)
S m/s
0 0
10 227.04
15 362.78
20 517.35
22.5 602.97
30 901.67

Using forward divided difference, find the acceleration of the rocketat t =16 S.
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ﬁ Solution

e AP

To find the acceleration at t=16s, we need to choose the two values closest to t=16s, that
also bracket t=16s to evaluate it. The two points are t=15s and t=20s.

a(t )~ v(t,,)— V(ti ) tg’) V(t)gmls)
| Al 10 227.04
15 362.78
20 517.35
t =15 t., =20 22.5 602.97
30 901.67

1(20)—v(15)

At =1, —§ a(16) ~
= 20—-15 S
=5 . 9517.35—362.7/8
S5

~ 30.914 m/s?
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.pa Direct Fit Polynomials

In this method, given 'n+1  data points (Xg, Yo ) (X0, Yo ) (X35 Yo e es (X3 V)

onecanfita n" order polynomial given by

Similarly other derivatives can be found.

g2 o oSl gy ghiS Sadiladog) gadas 350



ﬁ Example 2-Direct Fit Polynomials

PEE T

The upward velocity of a rocket is given as a function of time in Table 2.

Table 2 Velocity as a function of time

t(s) v(t)(m/s)
0 0
10 227.04
15 362.78
20 517.35
22.5 602.97
30 901.67

Using the third order polynomial interpolant for velocity, find the acceleration of the rocket
at t=16s.

27
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b Solution

e AP

For the third order polynomial (also called cubic interpolation), we choose the velocity given
by

v(t)=a, +at+a,t* +a,t’

Since we want to find the velocity at t=16s , and we are using third order polynomial, we need to choose
the four points closest to t=16s and that also bracket t=16s to evaluate it.

The four pointsare t_ =10,t, =15, t, =20, and t, =22.5.

t. =10, v(t,)=227.04

° t(s) v(t)(m/s)
t, =15, v(t,)=2362.78 0 0
10 227.04
t, =20, v(t,)=517.35 15 362.78
20 517.35
t; =225, v(t,)=602.97 225 | 602.97
30 901.67
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D

Zzaé - such that
v(10)=227.04 = a, +a,(10)+a,(10)° +a,(10)’

v(15)=362.78 = a, +a,(15)+ &,(15)° + a,(15)’

v(20)=517.35 = a, +a,(20)+a,(20) +a,(20)’
v(22.5)=602.97 = a, +a,(22.5)+a,(22.5) +a,(22.5)’

Writing the four equations in matrix form, we have

1 10 100 1000 [a,| [227.04
1 15 225 3375 |(a, | |362.78
1 20 400 8000 |a,| |517.35
1 225 506.25 11391 a,| |602.97
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Q Solving the above four equations gives @, =—4.3810

a, =21.289

a, =0.13065
a, = 0.0054606

Hence V(t) =a, +at+ a2t2 + a3t3
——4.3810+21.289t + 0.13065t* + 0.00546061:3, 10<t<225

1000 -
900 -
g00 -
700
600 -
00

Velocity (mis)

400
300 F
200

100 -

D(J 1 1 | | 1 1
0 4] 10 15 20 25 a0
Time (s)

Figure 1 Graph of upward velocity of the rocket vs. time.
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d
<+  The acceleration at t=16 is given by a(16) — E V(t)|t=16

Given that v(t) =—4.3810 + 21.289t + 0.13065t° +0.0054606t°,10 <t < 22.5

a(t) =—v(t) = d (~ 43810+ 21.289t + 0.13065t > -+ 0.0054606t* )

dt

=21.289+0.26130t + 0.016382t*, 10<t<22.5

a(16) = 21.289 + 0.26130(16) + 0.016382(16 )’ = 29.664m/s*
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= Lagrange Polynomial

In this method, given (Xi, yl),...,(Xn, yn) ,one can fit a (n _1)th order Lagrangian polynomial

given by

f,(X) = ZL(X)f(X)

where‘ N ’in fn (X) stands for the n"™ order polynomial that approximates the function

y = f(x) given at (n+1) data points as (Xo yO) (X yl) -------- (Xn—li yn—l)’ (Xn’yn) ,and

Li (x) = H

OX_X

j;tl

L. (X) a weighting function that includes a product of (N —1) terms with terms of J =1 omitted.
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Q Then to find the first derivative, one can differentiate fn(x) once, and so on

for other derivatives.

For example, the second order Lagrange polynomial passing through (XO, yo), (Xl, yl), (XZ, y2) is

f,(x)= (X=X Nx=%,) F(x, )+ (X =%, Nx=x,) f(

(X_XO)(X_Xl) X
(%, — % NXo = X, ) (% — %, % — X, ) f(x)

(Xz o Xo)(xz - Xl)

X, )+

Differentiating equation (2) gives

2x —(x, +x2) 2% — (X, + X,) 2% — (%, + %)
Clol ey e Ml s Malicnery ey M

Differentiating again would give the second derivative as

2

2 2
Xo _Xl)(XO _Xz) f(XO)+ (X1 —XOXX1 — X2) f(X1)+ (X2 _Xo)(X2 _X1) f(Xz)

f2”(x) = (
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e AP

Table 3 Velocity as a function of time

t(s) v(t)(m/s)
0 0
10 227.04
15 362.78
20 517.35
22.5 602.97
30 901.67

Example 3 The upward velocity of a rocket is given as a function of time in Table 3.

Determine the value of the acceleration at t=16s using the second order Lagrangian

polynomial interpolation for velocity.
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D Solution
A
t—t ) t—t t—t, ) t—t t—t, | t—t
v(t) = , =~ v(ty) + . 2 V(L) + 0 L y(t,)

alt) = (t2t —(t, +1,) 2t —(t, +t,) L 2-(t+t) )v(tz)

0 _tl)(to _tz)V(tO) ' (tl _to)(tl _tz)V(tl) (&t )t -,

2(16)— (10 +15)
(20-10)20-15

A(16) = 2(16) - (15+ 20) (227.04) + 2(16)— (10 + 20)

(L0-15)10 - 20) (15-10)15-20) (362.78) +

)(517.35)

=—0.06(227.04)-0.08(362.78) + 0.14(517.35)

= 29.784m/s’
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bahs (X jamo 4 Cawl jgmammo a5 Y=F(X) o 3 ) Colunw Glgae @ olgi (oo 1) crmro JIKG1 &5 ol gslg
L alold il by bl Oé;éoqumlé)g’}.ﬁ.g‘\g[a, b] alolé M’lggo;)*w”x:ng:a
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..,n_l xi+1—xi=h
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LS‘ 4.5.5)’35 ousele

y y=f(x

X0 X1 Xi Xi+ Xn .4
39 (o0 03l (Soie 3§ Coluws drmlno sl 35 w3 [ Xy Xipq] alols yo
Xi+1 h
| =30+ r0

Xi
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X

nf(x)dx =

D f o = j

a X

Jxlf(x)dx_l_fxzf(x)der...+fxi+1f(x)dx+...+jxn

X0 X1 i -

f(x)dx

I

B ot )+ B 2+t B fray bt B s + f)

h
=5 fo+2f1+2f5+ -+ 2fn 1+ fa]

b h
| Fdx =T =5 (fo+ 201+ 202+ 4 2f0 s + £l
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0.3
=l .?.A.)’)gi Camwd A h=0.2, 0.1, 0.05 6‘3‘ 9 6‘ 4.33)’95 Q’JBQ) a |)J e*dx )" ‘SLe,v).o.a
0.1

f(x)=e*, a=0.1 b=0.3

b h
| F@dx=T(h) =5 fo+ 201+ 202 + =+ 2oy + ]

0.3 0.2
f e*dx = T(0.2) = =~ [f(0.1) + £(0.3)] = 0.24550
0.1

0.3
j e*dx = T(0.1) = % [£(0.1) + 2£(0.2) + £(0.3)] = 0.24489
0.1

[ e*dx = T(0.05) =

O 05 ——[f(0.1) + 2f(0.15) + 2f(0.2) + 2f(0.25) + £(0.3)] = 0.24474
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e AP

>> syms X
>> f=exp(x);
>> int(f)
ans =
exp(x)
>> int(f,0.1,0.3)
ans =
exp(3/10) - exp(1/10)
>> double(ans)
ans =

0.2447

g2 o oSl gy ghiS Sadiladog) gadas 350



Xi+1
3 1 (hs (K3)Sy 4z 0 ‘5|4.Lo.>..u>6.:j FOOAxX , 55 ol o adijad oucls 4o
)Ofeb d}.ﬁb‘) 'BSQ 4> 4o 6‘4.1.0.’4*?&& uw L’dj) J° ‘5,9 rg-usks.of()() é)l)
uIsv K M‘? ‘) ).1) &.AJ).OJ u‘ )‘9 rQ-US‘sO [xl, xl+2] alold

Xi+2

h
f(x)dx = g(fz +4fi1+ fiv2)

Xi
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alold (gly o p5 B alaly (y92 [ X0, Xy |alold sl pas 33 (yguamsons 0uslB Jgo 53 (49 55T Cows & (61
Al 8,9 LS oload Sy bl zgy N wb 1M« el [Xj, Xjyo ]

ja ’ Fdx = fx T o dox =

Xn

— szf(x)dx+Jx4f(x)dx+---+f f(x)dx

X0 X2 Xn

h h h
=glforafi+fol+lf2t4f3+ ful + 452+ 4fn-1+ fal

Xn h
| Fdx = S = 5 (Fo+ 471+ 22 4 A5 4 2k 2 4 A+ ]

X0
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1.3

Soas Say sl cawd 49h=0.15,0.05 (I3l 4 g gmmenw gigy aly | /xdx 1 gl 5
1

f(x) =+x, a=1 b=1.3

Xn h
J f(x)deS(h)=§[f0+4f1+2fz+4f3+2f4+“'+2fn—2+4fn—1 + fal

1.3

0.15
Vxdx = §(0.15) = T[f(l) +4f(1.15) + f(1.3)] = 0.321485
1

J, 7 Vxdx = $(0.05) =

OITOS [f(1) +4f(1.05) + 2f(1.1) + 4f(1.15) + 2f(1.2) + 4f(1.25) + f(1.3)]
=0.32149
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>> syms X
>> f=sqrt(x);
>> int(f)
ans =
(2*x7(3/2))/3
>> int(f,1,1.3)
ans =
(13*1307(1/2))/150 - 2/3
>> double(ans)
ans =

0.3215
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Xi+1 h h h t+1
f f(x)dxgi(fi'l'le)zifi+ifi+1:ZAkfk
X k=i
Ai = Aijq Zg ol » &

| 35y gaoaw 008 Jg0,8 4o
i+2

Xi+2 h h 4h h
f f(x)dxgg(fi+4‘fi+1 + fi+2) :gfi+?fi+1 +§fi+2 :ZAkfk
X k=i

i
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:M’)'ub ‘.5.15 I )

X0

fxnf(x)dx = zn:Akfk +E = zn:Akf(xk) +E
k=0 k=0

X0, X1, - X

Aol (oo Jooexo lgie A
Ag, Aq, ..., A,
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Ziris o B e (9
0 gy Gygo a4 g aloldl golucio S (gl o0 (238 polro X, Xq, ..., x, b gyl o

Xiq1=x;+h , 1=01,..,n-1

fxnf(x)dx= Zn:Akfk‘FE = zn:/lkf(xk) +E
k=0 k=0

X0

] yiuo s jladie 5 2lg gl S (o0 Pl pd ol 5208 Cawd @ (sl

f(x)=1,xx2% .., x"
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oy Glghe 4 Z Apf(x)) wibe glas a5 S o0 louy 5yeb 1) A Jotimo ol g
k=0

Xn
bl o N 4z )0 b sl o Wiz (ol f(x)dx
X0
g (0 Ol 9 ) Wygeo 4 Gl aalls jlez 0ueld oo 8 Wyguais] 30 xg = 0 S (29 05 2

3h 3
f fOdx = ) Aufi+E
0 k=0
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>> syms X
>> f=x*exp(x);
>> int(f)
ans =
exp(x)*(x - 1)
>> int(f,0,1)
ans =
1
>> double(ans)
ans =

1
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http://numericalmethods.eng.usf.edu

g2 o oSl gy ghiS Sadiladog) gadas 350


http://numericalmethods.eng.usf.edu/

e AP

What is Integration

Integration:

The process of measuring the
area under a function plotted
on a graph.

I:Tf(x)dx

Where:
f(x) is the integrand
a= lower limit of integration

b= upper limit of integration

Tf(x)dx

f(x)
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Basis of Trapezoidal Rule

Trapezoidal Rule is based on the Newton-Cotes Formula that states if one can
approximate the integrand as an nt" order polynomial...

I:Tf(x)dx

where f(x)=f,(x)

and

f(x)=a,+ax+..+a X" +ax"
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S Basis of Trapezoidal Rule

Then the integral of that function is approximated by the integral of that ntt order
polynomial.

b

_[f(x)z_[fn(x)

a

Trapezoidal Rule assumes n=1, that is, the area under the linear
polynomial,

Tf(x)dx :(b—a){f(a);f(b)}
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Method Derived From Geometry

The area under the curve is a trapezoid. The integral

b

I f (x)dx =~ Area of trapezoid

a X

)y

%(Sum of parallel sides)( height)

= (1(b)+ f(a)(b-2)

:(b_a){f(a)gﬂb)}

Figure 2: Geometric Representation
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I PR Exa m p I e 1

The vertical distance covered by a rocket from t=8 to t=30 seconds is given by:

% { 140000

x = [| 2000In
140000 2100t

8

} — 9.8t |dt

a) Use single segment Trapezoidal rule to find the distance covered.
b) Find the true error, E, for part (a).
c) Find the absolute relative true error,|c,| for part (a).
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P Solution
a) |z(b—a)[f(a);f(b)}

Il
o0
@y
Il
w
o

f(t)= zooom{ 140000 }—9&
140000— 2100t

140000
140000—2100(8)

f(8)=2000|n{ }—9.8(8) =177.27m/s

140000
140000— 2100(30)

f(30)= ZOOOIn{ }—9.8(30) =901.67m/s
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b) The exact value of the above integral is

30
x= | ZOOOIn[ L2000 }—9.8tjdt =11061m
; 140000~ 2100¢
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b) E, =True Value— Approximate Value =11061-11868 =-807 m

C) The absolute relative true error, ‘Et , would be

11061-1186
11061

8‘ x100 =7.295%9%

<l
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S Multiple Segment Trapezoidal Rule

In Example 1, the true error using single segment trapezoidal rule was
large. We can divide the interval [8,30] into [8,19] and [19,30] intervals
and apply Trapezoidal rule over each segment.

f(t):ZOOOIn( 140000 j—9.8t

140000 — 2100t

3jof(t)olt=?f(t)olt+3jof(t)dt

:(19_8){f(8)+2f(19)}+(30_19){f(19); f(BO)}
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e Multiple Segment Trapezoidal Rule

With
f(8)=177.27 m/s

f(30)=901.67 m/s
f(19)=484.75m/s

Hence:

Bfof Ot = (19— 8)[177.27 ; 484.75} (30 _19)[484-75; 901-67} ~11266 m
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S Multiple Segment Trapezoidal Rule

The true erroris: E, =11061-11266 =-205m

The true error now is reduced from -807 m to -205 m.

Extending this procedure to divide the interval into equal segments to
apply the Trapezoidal rule; the sum of the results obtained for each
segment is the approximate value of the integral.
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LM Multiple Segment Trapezoidal Rule

Divide into equal segments as shown in Figure 4. Then the width of each
segment is:

b—a | 5

The integral Lis: | = _[ f(x)dx

a

Figure 4: Multiple (n=4) Segment Trapezoidal Rule
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T Multiple Segment Trapezoidal Rule

The integral I can be broken into A integrals as:

b a+h a+2h a+(n-1)h b
[ f(x)dx = jf(x)dx+ [f(x)dx+ ...+ [f(x)dx+ [ f(x)dx
a a+h a+(n-2)h a+(n-1)h

Applying Trapezoidal rule on each segment gives:

T (x)dx = 2 a{f(a)+2{2f(a+|h)}+f(b)}
o0 =2,
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S Example 2

The vertical distance covered by a rocket from to seconds is given by:

30
x=| (ZOOOIn[ 149000 }— 9.8t)dt
: 140000 — 2100t

a) Use two-segment Trapezoidal rule to find the distance covered.
b) Find the true error, E, for part (a).
c) Find the absolute relative true error, |c.| for part (a).
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P Solution

a) The solution using 2-segment Trapezoidal rule is

| =%{f(a)+2{n§f(a+ih)}+ f(b)}

=1

N
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Then:

| = 30- 8[f(8)+2{z f(a+|h)}+ f(SO)}

2(2)

242[f(8)+2f(19)+ f(30)]

242 [177.27 + 2(484.75) + 901.67]

=11266 m
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<&+ p) The exact value of the above integral is

30
x=| (ZOOOIn[ 149009 } — 9.8t)dt
2 140000— 2100t =11061m

so the true error is E, =True Value— Approximate Value =11061—-11266

The absolute relative true error, ‘Et , would be ‘e ‘ _

x100

True Error
True Value

- ‘11061—11266

x100
11061 ‘

=1.8534%
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Table 1 gives the values obtained using multiple segment Trapezoidal rule for:

30
x= | (2000 In[ 140000 }—9.8tjdt
: 140000 — 2100t

Value E, €, |% €, %
11868 -807 7.296 ---
11266 -205 1.853 5.343
11153 -91.4 0.8265 1.019
11113 -51.5 0.4655 | 0.3594
11094 -33.0 0.2981 | 0.1669
11084 -22.9 0.2070 | 0.09082
11078 -16.8 0.1521 | 0.05482
11074 -12.9 0.1165 | 0.03560

OINONN|A~A[W N3

Table 1: Multiple Segment Trapezoidal Rule Values
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P Example 3

Use Multiple Segment Trapezoidal Rule to find the area under the curve

f(x):3OOX from X=0 to x=10
1+ e*
. 10-0
Using two segments, we get h= T =5
300(0)
f(0)= =0
(0) 1+¢e°
f(5)=300(55)=10.039
l+e
f(10) = 300(118) =0.136
l+e
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B Solution
Then: |:'O2In {f(a)+2{zlf(a+m)}+f(b)}

=1

_10- O[f(O) 2{2f(0+5)}+f(10)}

2(2) 1=1

zlzo[f(0)+2f(5)+ f(10)] :1ZO[O+2(10.039)+0.136]

=50.535
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300x
So what is the true value of this integral? j dx = 246.59

Ol-l- ex

246.59 — 50.535
246.59

‘ x100% = 79.506%

Making the absolute relative true error: ‘Et‘ = ‘
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Table 2: Values obtained using Multiple Segment Trapezoidal Rule for:

19 300x
j dx
0 1+e X
n Approximate E ‘e ) ‘
Value t
1 0.681 245.91 99.724%
2 50.535 196.05 79.505%
4 170.61 75.978 30.812%
8 227.04 19.546 7.927%
16 241.70 4.887 1.982%
32 245.37 1.222 0.495%
64 246.28 0.305 0.124%
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o Error in Multiple Segment Trapezoidal Rule
The true error for a single segment Trapezoidal rule is given by:

:(b—a)3

B f"({), a<{<b where C issome pointin la,b]

=

What is the error, then in the multiple segment Trapezoidal rule? It will be simply
the sum of the errors from each segment, where the error in each segment is that
of the single segment Trapezoidal rule.

The error in each segment is

h)—a)? h®
=[(a+12) 2l f(C), a<gy<a+h = 1(5)

Ey

g2 o oSl gy ghiS Sadiladog) gadas 350



D

S Error in Multiple Segment Trapezoidal Rule

Similarly:

[(a+ih)—(a+(i-1)h)J h3

E; = = (i), a+(i-Dh<g<a+in= " ()

It then follows that:

[b-{a+(n-1)h}P .. B _hd
" f(Cn), a+(n=Dh<Cy<b="" 1" (L)

E, =
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o Error in Multiple Segment Trapezoidal Rule

Hence the total error in multiple segment Trapezoidal rule is

n
i 5 > (&)
E=YE =1 yig) _(b-a)Psg
n
The term E (Gi) is an approximate average value ofthe  f"(X),a<Xx<b
n
Hence: Z”: £ C)
- _(b-a)yis 7
.=

12n° n
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D

S Error in Multiple Segment Trapezoidal Rule

140000 } 98t ldt
140000 — 2100t

30
Below is the table for the integral I(ZOOO In{
8

as a function of the number of segments. You can visualize that as the number of
segments are doubled, the true error gets approximately quartered.

n Value E, e % €%
2 11266 -205 1.854 5.343
4 11113 -51.5 0.4655 0.3594
8 11074 -12.9 0.1165 0.03560
16 11065 -3.22 0.02913 | 0.00401
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.p Two-Point Gaussian Quadrature Rule

Basis of the Gaussian Quadrature Rule

Previously, the Trapezoidal Rule was developed by the method of undetermined
coefficients. The result of that development is summarized below.

Tf(x)dchlf(a)+sz(b)
b—a b—a
— > f(a)- > f (b)
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The two-point Gauss Quadrature Rule is an extension of the Trapezoidal Rule
approximation where the arguments of the function are not predetermined asaand b

but as unknowns x, and x,. In the two-point Gauss Quadrature Rule, the integral is
approximated as

| = f(x)dx =c f(x)+c,f(x,)

QD —— T
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e AP

The four unknowns Xx,, X,, ¢, and ¢, are found by assuming that the
formula gives exact results for integrating a general third order
polynomial,

f(x)=a,+aX+ax” +ax’.
b b 5 3
Hence jf(x)dx:j(aO +a,X+a,X" +a,X )dx
a a

X° x> 7
— aox+a1?+a2§+a3?

b2_a2 b3_a3 b4_a4
:ao(b—a)+al(2j+8.2£3j+a3( 4 ]
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<+ It follows that

b

2 3 2 3
jf(x)dx:cl(a0 +aX, +a,X,” +asX )+c:2(a0 +a,X, +a,X," +asX, )
a

Equating Equations the two previous two expressions yield

b® —a* b®-a’ b* —a*
ao(b—a)+al( , ]+a2£3 j+a3£ . j

2 3
—cla. +ax +ax’ +a.x."°)+c.la. +ax, +a.x.> +a,x
1\~0 1M 2M 3M 2 \0 1772 2772 32

2 2 3 3
=a,(c, +¢,)+a,(cx, +C, X, )+a, (c:lx1 +C, X, )+ a, (clx1 +C, X, )
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F.
¢

E Since the constants a,, a,, a,, a; are arbitrary

b—a=c, +¢,
b® —a’
b° —a’ 2 2
b* —a* 3 3
4
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D_ The previous four simultaneous nonlinear Equations have only one acceptable solution,

y _(b—aj(_ljerJra y _(b—aj( 1 j+b+a
L2 LB 2 L2 \V8) 2
—a
2

b
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B Higher Point Gaussian Quadrature Formulas

b
j f (x)dx ~c, f(x)+¢,(X,)+c,f(X,)
a
is called the three-point Gauss Quadrature Rule.

The coefficients c,, c,, and c;, and the functional arguments x,, x,, and x;

are calculated by assuming the formula gives exact expressions for

integrating a fifth order polynomial

b
j(ao FaX+a,X’ +agx’ +a X’ + a5x5)dx
a

General n-point rules would approximate the integral
b
Jf(x)dx~c f(x )+c, F(x )+ ... .. +C
a
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=== Arguments and Weighing Factors for n-point Gauss
Quadrature Formulas

In handbooks, coefficients and

arguments given for n-point
Gauss Quadrature Rule are
given for integrals

ig(x)dxziz”icig(xi)

as shown in Table 1.

Table 1: Weighting factors ¢ and function

arguments x used in Gauss Quadrature
Formulas.

Points Weighting Function
Factors Arguments

2 c, = 1.000000000 | x, =-0.577350269
c, = 1.000000000 | x, = 0.577350269

3 ¢, = 0.555555556 X, = -0.774596669
c, = 0.888888889 X, = 0.000000000
¢, = 0.555555556 X3 = 0.774596669

4 ¢, = 0.347854845 X, = -0.861136312

¢, = 0.652145155 | X, = -0.339981044
¢, = 0.652145155 X, = 0.339981044
c, = 0.347854845 X, = 0.861136312
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Table 1 (cont.) : Weighting factors c and function arguments x used in Gauss Quadrature Formulas.

Points Weighting Function
Factors Arguments

5 c, = 0.236926885 X, = -0.906179846
c, = 0.478628670 X, = -0.538469310

c; = 0.568888889 X; = 0.000000000

c, = 0.478628670 X, = 0.538469310

= 0.236926885 Xs = 0.906179846

6 ¢, = 0.171324492 X, = -0.932469514
¢, = 0.360761573 X, = -0.661209386

c; = 0.467913935 X; = -0.2386191860

¢, = 0.467913935 X, = 0.2386191860

= 0.360761573 x5 = 0.661209386

= 0.171324492 = 0.932469514
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1
Fnd So if the table is given for I g( X )dX integrals, how does one solve
-1

b

I f ( X )dX ? The answer lies in that any integral with limits of [a, b]
a

can be converted into an integral with limits [—1, 1] Let

X=mt+cC
If x=a, then t=-1

Such that:
If x=b, then t= 1

b—a
m=——
2
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Substituting our values of x, and dx into the integral gives us

b

1
If(x)dx:jf(b_at+b+a)b_adt
2 2 ) 2

a
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D Example 1

b
For an integral _[ f ( x)dx, derive the one-point Gaussian Quadrature Rule.

a

Solution
b

The one-point Gaussian Quadrature Rule is _[ f ( X )dX ~ C, f (Xl)
a

The two unknowns x;, and ¢, are found by assuming that the formula gives exact
results for integrating a general first order polynomial,

b

b ) b
foo=a+ax [ FO00x=(a+axjdc = {aox +a, X?}

a a

2 2
—a,(b—a)+ a{b;aj
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b b

a

Equating Equations, the two previous two expressions yield

b® —a*
ao(b— a)+ a{ 5 j = Cl(aO + alxl) =4d, (Cl) + al(Clxl)

b2 . a.2
Since the constants a,, and a, are arbitrary b —a = C1 — C1X1

2

giving
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Q Hence One-Point Gaussian Quadrature Rule

b

[ f0dx = ¢,f(x)= (b-a) f(bLzaj

a
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Example 2

Use two-point Gauss Quadrature Rule to approximate the distance

covered by a rocket from t=8 to t=30 as given by

30
X = j(zooom[ 149009 }—9.8tjdt
3 140000 — 2100t

Find the true error, E, for part (a).

Also, find the absolute relative true error, ea‘for part (a).
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ﬁ Solution

e AP

First, change the limits of integration from [8,30] to [-1,1]

by previous relations as follows

30-81 (30 8 30+8

jf(t)dt ——j )dx :11} f (11x +19)dx
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D

e AP

Next, get weighting factors and function argument values from Table 1

for the two point rule,

c, = 1.000000000
X, = —0.577350269
c, = 1.000000000

X, = 0.577350269
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i Now we can use the Gauss Quadrature formula

1
11] f (11x +19)dx ~ 11c, f (11x, +19)+11c, f (11x, +19)
-1

=11f(12(-0.5773503) +19)+11f (11(0.5773503) +19)

~11f(12.64915)+11f (25.35085)
=11(296.8317 ) +11( 708.4811)
~11058.44 m
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since

140000
140000 — 2100(12.64915)

f(12.64915) = ZOOOIn{ }—9.8(12.64915)

=296.8317

140000
140000 — 2100( 25.35085)

f (25.35085) = 2000 In{ } —9.8(25.35085)

=708.4811
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|
l: ;

S b) Thetrueerror, E; , is

E, =True Value — Approximate Value =11061.34-11058.44=2.9000 m

C) The absolute relative true error, ‘Et‘, is (Exact value =11061.34m)

11061.34 -11058.44
11061.34

x100% = 0.0262%

‘Et‘ =
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