SO Wlwilxo

('-“-"&!}0 Pl g s )

A

g2 o oSl gy ghiS Sadiladog) gadas 350



I, ‘ 0 1 8 27 64 il o f(X) = VX &b 4 by ) Jso
0

k?; | 1 2 3 4

P(x) =Lo(x)fop +Li(x)f1 +Ly(x)f2+ L3(x)f3+ La(x)f4

B x—0)(x—8)(x—27)(x—64)
P(x)=0 + 1(1 - 8)(1—27)(1 — 64) <1

x—0)(x—1)(x—27)(x — 64)

88-1D(B-_27)8-64) 2T

x—0)x—-1)(x—-—8)(x—64)

27(27 — 8)(27 —27) (27 —64) <> T

x—0)x—-1)(x—-8)(x—27)

64(64 — 1)(64 — 8)(64 — 27) 4

. 02)91 Cao V20 jl Giwods ISY gy SoS oy Jb

20 = P(20) = —1.3139(4D)
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15

25

0.5

>> xp=0:64;
>> yp=xp.(1/3);
>> plot(xp,yp)

20

320 = P(20) = —1.3139(4D) ?
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W R

— — 1 (] _J [0} =N
= LT o T = M =
T T T T T T I
] ] | ] ] | ]

0 10 20 30 40 50 B0 70
>> x=[0 1 8 27 64];
>>y=[01234];
>> plot(x,y,"'*')
>> p=polyfit(x,y,4)
p= -0.0001 0.0060 -0.1566 1.1507 -0.0000
>> yp=polyval(p,0:64);
>> hold on
>> plot(0:64,yp)
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Zoos (S padles ooyl Cawd 1y Jol 4550 Gligyo gl alos s [A YV alols o o5 ,n

0 1 8 27 | 64
| o 1 2 3 4

P(x)=mx2+mx3 E> i/2_05P1(20)=f—g=2.6316(4D)

V20 = 2.7144(4D) w90 (s (2Blg jludo 31 Hlude oyl

S yige Wilg (03 (Sliigys CBo gl o iy A y0 yog YL L o,lee (B 0 Il
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a5 g 350 515 50 23 Jgaar G ool slp 1) (Jguar jue b jo @l o polio fuess’ dllins
1l o] Cawd a3 siulojT @1,k 3l s oold oy
X ‘ 2 4 6 8

y, | 2 11 28 40

G RS las b S SO a0 oS ooliiwl Olig o ol aos & Bl glp $1,8Y g, 3l o5 y2
el jL ¥ a0

Db o o ol adayly aS vy Al | A g8 oo B SIS pwy b Jg
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>>x=[246 8];
>>y=[2 11 28 40];
>> plot(x,y,"*')

>> p=polyfit(x,y,3)
p= -0.2708 4.2500 -13.4167 14.0000

>> yp=polyval(p,2:0.1:8); s Oyl &o)S |M ol y CY, e GJL‘> G 9O
>> hold on ol Aol oy bl oo jlw o ab gles @
>> plot(2:0.1:8,yp) auils adasw ds b oold je Ls
>> p=polyfit(x,y,1) S “ ‘

p= 6.5500 -12.5000

>> yp=polyval(p,2:0.1:8);

>> hold on

>> plot(2:0.1:8,yp)
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b Ao o5y
P(x) =a.x+ ag
Sl pudlgs O yquais] jo

P(x;)) =a1x;+ayg=Yy;

aeS g5 ©ylee sladio a5 (gy9b 418) @g ol a3l S )le Al (Ola po JSla o HB 5o
:ég.&

S = ;(Yi — yi)?= Zl:()’i — (a1x; + ay))?

bl oo oud 0315 polie lay; g by sols S slaxs m o o a8
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g (o0 35 o) romionn SO (51,10 (3,b) alais )5 F(X,y) o5y :(abai S 53 ooy 3929 (512 p3Y b ) AiS
toen b Al Cawl 03y O yguais] jo il

af _ af B
a(a,b)—ﬂ ) a—y(a,b)—O

tomerl AL Sewu b b Alblo | Hlado oy oS @y @p j0 WBlg S o5 ol Ly

oS _ oS _
aao_ , aal_

m
S = Z()’i —ayx; — ag))?
i=1
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aao z Z(yl — a1 X; — aO)( 1)

m
Z(yi —ap;x; —ap) =0
i=1

m m
=1 =1 =1

m m
Zyi —alzxi —may =0
=1 =1

0
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m
S = Z()’i — a;x; — agp))*
i=1

aal 2 Z(yl — A1 X; — a())(_xl) —

m
Z()’i —ap;x; —apg)x; =0
i=1

m m
i=1 =1 =1
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Jbo y WY oleo oliws

ol )5 gy 4 oSws lga

_Zinxiz—ininyi a MY XY — XX LY
o = my x;% — (X x;)> e m} x;* — (¥ x;)?
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X |y
1|1
3|2
4 | 4
6| 4
8| 5
9 | 7
11| 8
14| 9

16

14

12

10

bl (o0 (2 G lojl SO Az 3 b solo z Jlie

\ 4
¢
L 2
¢
2
\ 4
L 2
2 4 6 8 10
X

g2 o oSl gy ghiS Sadiladog) gadas 350



& 900

X Y X Xy
1 1 1 1
3 2 9 6
4 4 16 16
6 4 36 24
8 5 64 40
9 7 81 63
11 8 121 388
14 9 196 | 126
56 40 524 | 364

_ ZinxiZ — XX XXy,

“o m) x;* — (¥ x;)?

40 x524-56x364 6
= "gx524-562 11

M YEXyi — XX LY

1= my x;% — (X x;)>

. 8x364-56x40 7
M= Tgx524-562 11
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3 G )le Olas po (2 S b dloleo (] Lo

_ 7 6
yi=a1xi+a0=ﬁx+ﬁ

l Jasawd 0

>>x=[13468911 14];
>>y=[12445789];

>> p=polyfit(x,y,1) 6l
p= 0.6364 0.5455 51
>> format rat T
>>p i €3 l

p= 7/11 6/11

| | | 1 |
a 2 4 5] g 10 12 14
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(7, 8)__2
Y1=Y1= 11 11) 11

Vo = 2 7><3+6 = >
Y2—Y2 = 11 1)~ 11

e (Lxqags 2)o 2
Y8~ Y8 = 11 1)~ " 11

Slas gy 4 Jga b eols il iy s O jleoliiwl b ylgh (o0 a5 cowl gllas o o ) slas

:.b)9| s A qu.’J.o

—— 8
= e . — V- 2 1/ —
E= ) e (;m 7042 = 1.595

Iu
.

>> sqrt(sum((y-yp).*2))
ans= 1.595
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j—}a Sl o Plos gl dos o

{(x,-,y,-): i=1,...m } O ygue & b oslo I gl dcgozmo (6 )l o i Ao

gy dlgS ) SN 4 N<M a5 N a0 5l gl dos > SO L

n

P(x) = z a,xk

k=0
i 10 Ol po o oS bas > bl (Ol o JSlos g,y 3l colasw! b

P(x) =a,x"+ -+ a1x+ ay
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Znds )Tl = P(x,-) = anx? + -+ ax; + ay i 10 X=X; g1y g

m
S = Z(yi — 371)2 el gy Oyl lade Sl JBlos Gua dxol o
i=1

m
_ n 2
S = Z(Yi — QpX; — = A X; — Ag)
i=1

55,8 J5las S ylado 45 5 eb 43 AgyAgyeeerdy Ll (Bl 31 ol &yl Aliano oy L
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ol A1 Sl p3Y g Blus S asST gl s eIl il

(Z x'}) ay + (Z x’i'“) a + -+ (Z x{”") a,+ -+ (Z x*Ma, = Z xlty;
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Q Wz g b oold S (03l pg0 4z )y Ol o JBlas gl dhox Wiz L) 15 Jgu b ool . Jlo
J.».;»S (= ) Olaszxo ol QSJ")Q ‘) 'cjé 4?):.5 ubq)a 6‘ t\.l.o.‘?

] 1 2 3 1 5

0 0.25 0.5 0.75 1.00
Yi 1.0000 1.2840 1.6487 2.1170 2.7183

P(x) = azx2 +aX+ ay 1218 Loy olro aw 9 M=5 g N=2 Wl o) 4o

5a, + (Z x,-) a; + (Z x?) a, = Zy,-
(D)o (D) an Fttras =
(2 x,z) ay + (2 x§+1> a, + (Z ¥ )a, = zx,zy,.
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e 5a, + 2.5a; + 1.875a, = 8.7680
1.875a, + 1.5625a, + 1.3828a, = 4.4015

< _=

a, = 1.0052 a, = 0.8641 a, = 0.8437

< _=

P,(x) =1.0052 + 0.8641x + 0.8437x*
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>>x=[0 0.25 0.5 0.75 1];
>>y=[1 1.284 1.6487 2.117 2.7183];
>> plot(x,y,"'*')

>> p=polyfit(x,y,2)

p= 0.8437 0.8642 1.0051 P(x) = a,x* + a;x + a,
>> yp=polyval(p,x); 3

SS hOId on . y=0.8437;2:g.;g¢9l;x+1.0051

>> plot(x,yp)
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ﬁ i 1 2 3 4 5

0 0.25 0.5 0.75 1.00
Yi 1.0000 1.2840 1.6487 2.1170 2.7183
P(x;) 1.0052 1.2740 1.6482 2.1279 2.7130
y;=P(X;) -0.0052 0.0100 0.0005 -0.0109 0.0053

— 5
E = Z e = Z(yi _P(x))?| =0.0166
i=1

>> sqrt(sum((y-yp)."2))
ans =
0.0166
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oliiws G yo 1y (X, Vi) B9 1) o cawlin (gl ahoxr Wiz Aliwg & i O,l90 By

.Mle ‘s:”l:.l:. .: .

bl Wilgd oo gy S s Sl 50y g X s alaly

y = age®t* s lod

1 :
y = S

Ao —+ ax

Y =Qy + aicoswx W PN EPR RV-MTT 65‘:.'...
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A @Loa | S

n
y = apge*t* I::> Iny = lnay + a1x

z = Ilny
=) z=A+ax
A= lnao
Jbo 5 WY oleo
m m
zmyi —alzxi —mA=0
m m m aq
inlnyi - alzxiz —Ale =0
i=1 =1 =1
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2 59 S5 5o 1y 15 Jgier e ools . JL

/ 1 2 3 4 5
X; 1.00 1.25 1.50 1.75 2.00
Yi 5.10 5.79 6.53 7.45 8.46
9 2.50
8 -
7 -
Ln(y) 2.00 -
. y
5 A
4 : : , 1.50 : : ,
0.5 1 1.5 2 2.5 0.5 1 1.5 2 2.5

2,10 0929 s aluly INX g X o ol by
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i X Yy Iny x? xIny
1 1.00 5.10 1.629 1.0000 1.629
2 1.25 5.79 1.756 1.5625 2.195
3 1.50 6.53 1.876 2.2500 2.814
4 1.75 7.45 2.008 3.0625 3.514
5 2.00 8.46 2.135 4.0000 4.270
gsaxa | 7.50 9.404 11.875 14.422

m

m
Zlnyi—alzxi—mA =0

1=1 =1

m

z x;lny; — a4 2 x> —A

i=1

m

=1

o>

m
zxi =0
=1

i

9.404—-7.5a; —54A=0

14.422 - 11.875a, —7.54A=0
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9.404 —7.5a, — 54 =0

a,=0.5056

14.422 —11.875a, — 7.5A=0 A = Ilnay=1.122

y = 3. 07160.505636

a, = el?? =3.071

y = 3.0725e0-5057
R? = 0.9998

2.5
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cftool

aexp(b™e) + cvexp(d™y)

(4 Fitting EEITT)
Fit Editor
| Newfit || Copyfit
Fit name: fitl
Data set: ¥ W5 X - Exclusion rule: (none) -
Type of fitt | Exponential - | Center and scale X data
Exponential

Fit options... | Immediate apply

Results

Cancel Apply

Feneral model Expl:

y =3.071e%°0%6* |

fix) = a¥*expibh¥*x)
Coefficients (with 95% confidence bounds) :
a = 3.067 [(3.005, 3.129)
h = o.507 (0.49453, 0.5192)

coodne=ss of fit:

33E: 0.001164

m
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N T ‘sjsj &‘“ a L’

1
Z=—
1 — » z=ay+ax
Y ap+ a,x
0,10 8959 s alaly Z 9 Xy o] 0Ly
Jlo i &Y olas

=1 i=1
S = E(Zi — Z;)*
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Coefficients

£ix)

a
ju]

oodhess

= 1/ (at+h*x)

[with 95% confidence bounds) :

0.2667 (0.2501, 0.2832)

= -0.0%472 (—0.08413, -0.06532)

of £fit:

AnE:

a.

=957

| | |
1 1.1 1.2 1.3 1.4 1.5 1.5 1.7 1.8 1.9 2
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L & lilie el

Cow! rcg.b.o )|4.3.0W
t = coswx

y =ag+ a;coswx | > y =ay+ aqt

5313 3529t 3 Y oo a5 b

h S = z(yi ~-¥)?
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fix) =
Coefficients

ad =
al =

'[I:I'=

al+al¥cos (wrx)

[with 95% confidence bhounds) :

6.665 (4.651, &.675)
~1.406 [-4.2753, 1.462)
~5.071 [-6.433, -3.709)

oodness of £it:

anE:

2.1833

| | |
1.4 1.5 16 1.7 1.8 1.9 2
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S What is Regression?
What is regression? Given n data (X4, Y1), (X2, Y2), ..., (Xn, Yn)
BeEMAt v = f(X) to the data. The best fit is generally based on
minimizing the sum of the square of the Sr
residuals,

Residual at a pointis & = Yi— f (Xi)

n
Sum of the square of the residuals S, — Z(yi — f (Xi))2

=1

& (‘:{:H-" y”)

v

. Figure. Basic model for regression
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D Linear Regression-Criterion#l

Given n data points (X1, Y1), (X2, ¥2),..., (Xn, ¥n) best fit Y =2a, +a;Xx

to the data.

[
»

X

Figure. Linear regression of y vs. x data showing residuals at a typical point, x;.

n
Does minimizing » " & work as a criterion, where & = Yi — (2o +aiXi)
i=1

g2 o oSl gy ghiS Sadiladog) gadas 350



D Least Squares Criterion

The least squares criterion minimizes the sum of the square of the
residuals in the model, and also produces a unique line.

n 2

S =2e =% -2 -ax)

=1

[
»

X
Figure. Linear regression of y vs. x data showing residuals at a typical point, x;.
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L Finding Constants of Linear Model

2

i=1 i=1

Minimize the sum of the square of the residuals: S, =>c*=>"(y, -8, - a,x)

To find @o and a1 we Sr with respect to a1 and ao.

minimize
0S L
- L =23 (y; —a, —ayx [-1)=0
a-o =1
0S L
- C=-2> (Y, —a, —ayx - % )=0
a1 =1

giving

iZl:ao +iZl:a1Xi =iZl:yi » ( B )
0 ; n a9 —v_ax
;aoxi +iZ:1:a1Xi2 = ;yixi 0 =Y~

g2 o oSl gy ghiS Sadiladog) gadas 350



Finding Constants of Linear Model

Solving forao and ai directly yields,
and

ZYi _iXiZXiYi

n

2

=1

3

=1

=1

n
=3
=1

ni X.
i—

g2 o oSl gy ghiS Sadiladog) gadas 350
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£ Example 1

The torque, T needed to turn the torsion spring of a mousetrap through
an angle, is given below.

Find the constants for the model given by T =k s kZH

Table: Torque vs Angle for a

torsional spring 0.4
Angle, 0 Torque, T
= *
£ 0.3 -
Radians N-m Z
0.698132 0.188224 g *
< *
0.959931 0.209138 o *
— 0.2 4 .
1.134464 0.230052
1.570796 0.250965
1.919862 0.313707 0.1 . .
0.5 1 1.5 2
0 (radians)
Figure. Data points for Angle vs. Torque data
40
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The following table shows the summations needed for the calculations

of the constants in the regression model.

Table. Tabulation of data for calculation of important summations

% T 0° T6
Radians N-m Radians? N-m-Radians
0.698132 0.188224 0.487388 0.131405
0.959931 0.209138 0.921468 0.200758
1.134464 0.230052 1.2870 0.260986
1.570796 0.250965 2.4674 0.394215
5 1.919862 0.313707 3.6859 0.602274
Z - 6.2831 1.1921 8.8491 15896

Using equations described for
ao and aiwith n=5

Y OT, Y03,
_ =l

. i=15 i:l2
n) o’ Zeij
i=1 i=1

5(15896)—(6.2831)11921)
5(88491)—(6.2831)

=9.6091x10* N-my/rad

k2
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<#+%  Use the average torque and average angle to calculate ki

Ti
z_ le _ 11921 5 a0 10
n 5
- ;‘2 _62831 _ ¢
n 5
Using,
K, =T—k, 0 =2.3842x10" —(9.6091 x 102)(1.2566)

=1.1767 x107" N-m
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= Example 1 Results

Using linear regression, a trend line is found from the data

0.4r
0.35-

0.3

0.25

6 (radians)

0.2

0.15

01 1 1 1 1 1
06 038 1 12 1.4 1.6 1.8
Torque (Nm)

Figure. Linear regression of Torque versus Angle data

Can you find the energy in the spring if it is twisted from 0 to 180 degrees?

43
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Example 2

To find the longitudinal modulus of composite, the following data is
collected. Find the longitudinal modulus, E using the regression model

o=E¢

and the sum of the square of the residuals.

Table. Stress vs. Strain data

44

Strain Stress

(%) (MPa) 3.0E+09 .

0 0 *
0.183 306 *

0.36 612 g 2.0E+09 - . ¢
0.5324 917 o .

0.702 1223 § .

0.867 1529 & 1.0E+09 1 .
1.0244 1835 . ¢
1.1774 2140 0.0E+00 + | | .
1.329 2446 0 0.005 0.01 0.015 0.02
1.479 2752 Strain, € (m/m)

1.5 2767

Lo 2896 Figure. Data points for Stress vs. Strain data
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““Residual at each point is given by 7. = 0; — E¢;

The sum of the square of the residuals then is

n

S, :gﬂz :Z(O-i _E‘9i)2

=1

Differentiate with respect to E

n
Z"igi
__i=1
o
2
Zgi
=1

aaSEr = iznllz(ai - Eg, )(_5i) =0

Therefore E
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Table. Summation data for regression model

i g ¢ g? €0
1 0.0000 0.0000 0.0000 0.0000
2 | 1.8300x103 | 3.0600x10° | 3.3489x10°¢ | 5.5998x10°
3| 3.6000x10 | 6.1200x10° | 1.2060x105 | 2.2032x10°
4 | 53240x10 | 9.1700x10° | 2.8345x105 | 4.8821x10°
5 | 7.0200x103 |  1.2230x10° | 4.9280x105 | 8.5855x10°
6 | 8.6700x103 | 1.5200x10° | 7.5169x105 | 1.3256x107
7 | 1.0244x102 |  1.8350x10° | 1.0494x104 | 1.8798x107
8§ | 11774x102|  2.1400x10° | 1.3863x104 | 2.5196x107
9 | 1.3290x102| 2.4460x10° | 1.7662x104 | 3.2507x107
10 | 14790x1072 | 2.7520x10° | 2.1874x107* | 4.0702x107
11 | 1.5000x1072 | 2.7670x10° | 2.2500x107 | 4.1505x107
12 | 15600x1072 | 2.8960x10° | 2.4336x107* | 4.5178x107
12
> 1.2764x103 | 2.3337x10°

i=1

With

12

> &l =1.2764x10°°
i=1

and

12
Y o0& = 2.3337x10°
i=1

Using
12
Zo-igi
_ =l
12
2
Zgi
i=1

_ 2.3337x10°
1.2764x107°

=182.84 GPa

E
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The equation 0 =182.845 describes the data.

Stress, ¢ (Pa)

|
0.015

|
0.01

0 :
0 0.005
Strain, € (m/m)

Figure. Linear regression for Stress vs. Strain data

47
g2 o oSl gy ghiS Sadiladog) gadas 350



D Nonlinear Regression

Some popular nonlinear regression models:

1. Exponential model: (y= aebx)
2. Power model: (y = axb)
B aX
3. Saturation growth model: y B b 1+ X
4. Polynomial model: (y =aot+aiX+...+ amxm)

48 = - : :
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49

Exponential Model

Given (X, Y1), (X5, ¥5), -y (X, Y,,) best fit Yy =ae™ to the data.

o (X57)

Figure. Exponential model of nonlinear regression for y vs. x data
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=%  Finding Constants of Exponential Model

The sum of the square of the residuals is defined as

5= [y, ~ae™

=1

Differentiate with respect to aand b
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= Finding Constants of Exponential Model

Rewriting the equations, we obtain

51 .= . .
g2 P Sl o g pgeids oSl pdog g gedas P



,_,D Finding constants of Exponential Model

Solving the first equation for a yields

Substituting a back into the previous equation

n

b x:
n b Z yie " n 2h
Y yixien — = Yxe™1 =0

1= ZeZbXI 1=1

i=1
The constant b can be found through numerical methods such as
bisection method.

52
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Example 1-Exponential Model

Many patients get concerned when a test involves injection of a
radioactive material. For example for scanning a gallbladder, a few drops
of Technetium-99m isotope is used. Half of the techritium-99m would be
gone in about 6 hours. It, however, takes about 24 hours for the radiation
levels to reach what we are exposed to in day-to-day activities. Below is
given the relative intensity of radiation as a function of time.

Table. Relative intensity of radiation as a function of time.

53

t(hrs)

0

1

3

5

7

9

/4

1.000

0.891

0.708

0.562

0.447

0.355
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The relative intensity is related to time by the equation

Y = Ae™

Find:

a) The value of the regression constants A and 4
b) The half-life of Technium-99m

c) Radiation intensity after 24 hours
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Plot of data
Data
1@
0.8¢
o 0.6+ o
0.4+ .
%3 a6
Time (hrs)
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Constants of the Model
y = Ae't

The value of A is found by solving the nonlinear equation

Nt
N Z 7/|e | n
i=1 %eZMi i=1
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D Setting up the Equation in MATLAB

N it
n Zj/le | n
i=1 %eZMi i=1
i=1
fA)
1 \
—-1r
=
_3-
0.5 -0:3 0.1

t (hrs) 0 1 3 5 7/ 9
Y 1.000 | 0.891|0.708 | 0.562 | 0.447 | 0.355
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~"  Setting up the Equation in MATLAB
Nt
] 2. 7€
f(/l): Z j/itielti — I=r::. -Ztiez;tti =0
1=1 ZeZﬁt, 1=1
1=1

A =-0.1151

t=[01 3 5 7 9]

gamma=[1 0.891 0.708 0.562 0.447 0.355]
syms lamda
suml=sum(gamma.*t.*exp(lamda*t));
sum2=sum(gamma.*exp(lamda*t));
sum3=sum(exp(2*lamda*t));
sum4=sum(t.*exp(2*lamda*t));

f=sum1-sum2/sum3*sum4;
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L Calculating the Other Constant

The value of 4 can now be calculated

A=t —0.9998

The exponential regression model then is

y = 0.9998 g 01151
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Plot of data and regression curve

Actual curve

0 1|2 2|4
Time (hrs)
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Relative Intensity After 24 hrs

The relative intensity of radiation after 24 hours

y =0.9998 x g 0115124
=6.3160x107

This result implies that only

6.316x10°*
0.9998

x100 =6.317%

radioactive intensity is left after 24 hours.
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Polynomial Model
Given (X1, Y1), (X2, Y2), ..., (Xn, Yn) best y = aO taX+..+ ame

fit
(M<n-2) to a given data set.

@ (xnjyn)

y=a +ax+...+a x"
0 1 m

y =J(x)

>

Figure. Polynomial model for nonlinear regression of y vs. x data
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R Polynomial Model cont.

The residual at each data point is given by
E =y, —a,—aX — ..—a,X

The sum of the square of the residuals then is

Sr = Zn: Ei2
i=1

n

2
(Yi —dy — A X —.. -_amxim)

i=1

63 -
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Polynomial Model cont.

To find the constants of the polynomial model, we set the derivatives

with respect to@, where 1=1...m, equal to zero.

er :iz-(yi —8y — X —. '_amxim)(_l):O
0 =
(22 :anz'(yi_ao_aixi T ._amxim)(—xi)z()
=1
2? =2y, -2y -ax — . - a KX =0
m =l

64
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Polynomial Model cont.

These equations in matrix form are given by

(o ) : | | n |
vooge) -[;X{"j ERERK
1) [Bx) ) B

B¢ (B) B B

The above equations are then solved for 8q,&

g2 o oSl gy ghiS Sadiladog) gadas 350



e AP

Example 2-Polynomial Model

Regress the thermal expansion coefficient vs. temperature data to a
second order polynomial.

Table. Data points for B
temperature vs ( 5 e .
o .
Temperature, Coefficient of S 6.00E-06 -
T(°F) thermal g ¢
expansion, o, Q * 5 00E-06 -
(in/in/°F) S ~
S > .
80 6.47x1076 ® < 4.00E-06 -
S S
40 6.24x1076 g = .
o 3.00E-06
—40 5.72x1076 ® .
£
~120 5.09x10 g 2.00E-06 -
|—
—200 4.30x107° : : +-60E-06 :
—280 3.33x10°¢ -400 -300 -200 -100 0 100 200
-340 2.45x107¢ Temperature, °F

Figure. Data points for thermal expansion coefficient vs

66 temperature.
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We are to fit the data to the polynomial regression model

The coefficients 3,,;; @, are found by differentiating the sum of the
square of the residuals with respect to each variable and setting the

Example 2-Polynomial Model cont.

a=a,+aT +a,T’

values equal to zero to obtain

67

ZT

\

>

\ i=1 /

by

\i=l

) ()

L

QO
N

<

n

=1

ZTi ;i

=1
n

Z:Tizozi

=l
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Example 2-Polynomial Model cont.

The necessary summations are as follows

Table. Data points for temperature

VS.

Temperature, T

Coefficient of

(°F) thermal
expansion, a

(in/in/°F)
80 6.47x1076
40 6.24x1076
—40 5.72x1076
-120 5.09x1076
—200 4.30x107¢
—280 3.33x10°¢
—340 2.45x1076

68

,
D T;? =2.5580x10°
i=1

7
> T° =—7.0472x10’
i=1

7
D T =2.1363x10"
i=1

7
Y a; =3.3600x10°
i=1

]
Y Ta; =—2.6978x10°°
i=1

,
> T a, =8.5013x10™
i=1
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Using these summations, we can now calculate a,,a, a,

7.0000
—8.600x10°

—8.6000x10°
2.5800x10°
2.5800%x10°> —7.0472x10’

2.5800x10°
—7.0472 %10’

=|-2.6978x10°

2.1363x10" | a

Example 2-Polynomial Model cont.

| 3.3600x10°°

8.5013x10™*

Solving the above system of simultaneous linear equations we have

[ 6.0217x10°°
6.2782x107°

~1.2218x107"*

The polynomial regression model is then

oa=a,+aT +a,T’

= 6.0217x10°% +6.2782x10°T -1.2218x10 7' T?
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B Transformation of Data

70

To find the constants of many nonlinear models, it results in solving
simultaneous nonlinear equations. For mathematical convenience,
some of the data for such models can be transformed. For example,
the data for an exponential model can be transformed.

As shown in the previous example, many chemical and physical processes
are governed by the equation,

y _ aebx
Taking the natural log of both sides yields, Iny =Ina+bx
Let z=Iny and &, =Ina
We now have a linear regression model where Z =a, +a;X

(implying) a =e* witha, =b
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o Linearization of data cont.

Using linear model regression methods,

n n n
N Xz, - % >.Z,
— i=1

=1 =1
a, >
n ) n
i=1 i=1
a, = 2—a, X

Once a,,a, are found, the original constants of the model are found as
b=a,
a
a=e"
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D Example 3-Linearization of data

Many patients get concerned when a test involves injection of a radioactive
material. For example for scanning a gallbladder, a few drops of Technetium-99m
isotope is used. Half of the technetium-99m would be gone in about 6 hours. It,
however, takes about 24 hours for the radiation levels to reach what we are exposed
to in day-to-day activities. Below is given the relative intensity of radiation as a

function of time.

[EnY

Table. Relative intensity of radiation as a function
of time

tthrs) | 0 1 3 5 7 9
Y | 1.000 |0.891 |0.708 | 0.562 | 0.447 | 0.355

Relative intensity of radiation, y
o
(63}

o
o

5 10
Time t, (hours)

Figure. Data points of relative radiation intensity
vs. time
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Find:

a) The value of the regression constants A and 4

b) The half-life of Technium-99m

c) Radiation intensity after 24 hours

The relative intensity is related to time by the equation
y = Aeht
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Example 3-Linearization of data cont.

Exponential model given as, y = Ae™ In(y)=In(A)+ At

Assuming z=Iny 8, = In(A) and a, = A we obtain

Z=a +at
0 1

This is a linear relationship between z andt
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==  Example 3-Linearization of data cont.

Using this linear relationship, we can calculate a,,a, where

=l i=l

_ _i=l

and

75 - . . :
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Example 3-Linearization of Data cont.

Summations for data linearization are as follows

Table. Summation data for linearization of data model With n=6
6
- I T ) Dt =25.000
| | 7/I Zi =1n 7/i i ti i=1
6
1 0 1 0.00000 0.0000 0.0000
2 1 0.891 | —0.11541 | —0.11541 | 1.0000 Z Z = —2.87178
3 3 0.708 | —0.34531 | -1.0359 | 9.0000 i=1
4 5 0562 | —0.57625 | —2.8813 | 25.000 6
5 7 0447 | —0.80520 | —5.6364 | 49.000 Z __
6 9 0.355 | -1.0356 | -9.3207 81.000 — tizi =-18.990
1=
6
25.000 —2.8778 | -18.990 | 165.00
2 3 t2 =165.00
i=1

76 = . . i
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Example 3-Linearization of Data cont.

Calculating a5, &
6(—18.990)— (25)- 2.8778)

a, = ——-0.11505
' 6(165.00)— (25Y
a, = —28778 _(_011505)2 =-26150x10"
6 6
Since
ag = In(A)
A =g
_4
=e 291040 _ 099974
also

A=a, =-0.11505
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Example 3-Linearization of Data cont.

Resulting model is y =0.99974xe

—0.11508

Relative
Intensity
of
Radiation,

1

y = 0.99974 x g 011508

T

5
Time, t (hrs)

10

Figure. Relative intensity of radiation as a function of temperature using linearization of data

model.
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Example 3-Linearization of Data cont.

The regression formula is then ¥ = 0.99974 x g 011504

1
b) Half life of Technetium 99 is when 7= 57

t=0

0.99974 x e M50 = %(0.99974)e—°-“505°>

e—0.11508 — 05
—011505t = In(0.5)
t =6.0248 hours
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==  Example 3-Linearization of Data cont.

c) The relative intensity of radiation after 24 hours is then

y = 0.99974¢01150824)  _ 1 56350

6.3200x10°*

This implies that only 0.99983 x100=6.3216% of the radioactive

material is left after 24 hours.
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Comparison

Comparison of exponential model with and without data linearization:

Table. Comparison for exponential model with and without data linearization.

With data linearization Without data linearization
(Example 3) (Example 1)
A 0.99974 0.99983
A —0.11505 —0.11508
Half-Life (hrs) 6.0248 6.0232
Relative intensity after 6.3200%10-2 6.3160x102
24 hrs.

The values are very similar so data linearization was suitable to find the
constants of the nonlinear exponential model in this case.
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